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Abstract 

For any torsion-free hyperbolic group F and any group G that is fuUy 
residually F, we construct algorithmically a finite collection of homomor- 
phisms from G to groups obtained from F by extensions of centralizers, at 
least one of which is injective. When G is residually F, this gives a effec- 
tive embedding of G into a direct product of such groups. We also give an 
algorithmic construction of a diagram encoding the set of homomorphisms 
from a given finitely presented group to F. 
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1 Introduction 



A group G is discriminated by another group T (or is fully residually T) if for 
every finite set of non-trivial elements {gi, ...,(;„} of G there exists a homo- 
morphism (f> : G ^ V such that 4>{gi) ^ 1 for i = 1, . . . , n. If this condition is 
only required to hold for n = 1 we say that G is separated by T (or is residually 

r). 

The class of fully residually free groups (when F is a non-abelian free group) 
has been extensively studied in the last 15 years, particularly in connection with 
Tar ski's problems on the elementary theory of a free group ( |KM06| . jSel06| ). 
and now have a well-developed theory. Further, many algorithmic problems 
related to these groups have been solved in recent years. 

Generalizing to the case when F is a hyperbolic group, much of the theory 
has been developed and is similar, but many algorithmic questions remain open. 
This paper is motivated by the following problem. 

Problem. Is the elementary theory Th(G') of a (torsion-free) hyperbolic group 
G decidable? 

Notice, that it was proved in }KM05aj that the universal theory of a finitely 
generated fully residually free group is decidable and in [Dah09| that the uni- 
versal theory of a hyperbolic group is decidable. We will give another proof of 
this result (for torsion- free hyperbolic groups) in Corollarv l3.20l 

Fix throughout this paper a torsion- free hyperbolic group F = {A\TZ). One 
of the characterizations of finitely generated groups G discriminated by F is 
that they embed into the Lyndon completion F^[*l of F, or equivalently, into a 
group obtained from F by a series of extensions of centralizers |KM09] . If G 
is separated by F, there is an embedding into a finite direct product of such 
groups. The case when F is a free group was proved by Kharlampovich and 
Myasnikov, who also provided an algorithm to construct the embedding (in 
both the discriminated and separated cases) lKM98bj . 

For the general case, however, the embedding described in }KM09| is not 
effective. We provide an algorithm to construct the embedding of any residually 
F group G into a direct product of groups obtained from F by extensions of 
centralizers. When G is fully residually F, we effectively construct a finite 
collection of homomorphisms from G into groups obtained from F by extensions 
of centralizers, at least one of which is an embedding (Theorem 3.17). 

The first step of our approach is to use canonical representatives for certain 
elements of F, developed by Rips and Sela in their study of equations over 
hyperbolic groups |RS95| . to reduce part of the problem to the free group case. 
As a corollary of this reduction, we are able to effectively construct a finite 
diagram that describes the complete set IIom(G, F) of homomorphisms from an 
arbitrary finitely presented group G to F (Theorem 2.3). 
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1.1 Algebraic geometry over groups 



We will use throughout the language of algebraic geometry over groups |BMR99] . 
We recall here some important notions and establish notation. 

Let r be a finite group generated by A ('constants') and X a finite set 
('variables') and set T[X] = T * F{X). Let Homr(r[X],r) denote the set of 
homomorphisms from r[X] to F that are identical on F ('F-homomorphisms'). 

To each element s of T[X] we associate a formal expression 's — V 
called an equation over F. A solution to this equation is a homomorphism 
(j) G Homr(F[X],F) such that s"^ = 1. A subset S of T[X] corresponds to the 
system of equations '5* = 1' which wc also denote ^S{X,A) = V. Define 

Fs = F[X]/ncl(5) 

and note that every solution to the system S factors through Ts- If F has the 
presentation {A\TZ), then 

Fs - {x,A\s,n). 

Define the radical Rr{S) of S over F by 

Rr{S) = {te T[X] I V^eHomr(r[x],r)V.6s (s* = 1 =^ = 1)} 

and define the coordinate group of S over F by 

Ffl^^fS) =F[X]/i?r(5). 

Every solution to S factors through Fflj,(5). 

When S* is a subset of F{X) we say that the system is coefficient-free and 
we may consider F{X) in place of F * F{X) and the ordinary set of homomor- 
phisms Hom(i^(Ar), F) in place of Homr(F[X], F). In particular, for any group 
G presented by {Z \ S) we may consider 5 as a system of equations in variables 
Z. In the general case, when S C F[X], we may consider 5 as a system of 
equations over any group G that has F as a fixed subgroup (i.e. any G in the 
'category of F-groups'). 

1.2 Notation 

Fix F = {A\TZ) a finitely presented torsion-free hyperbolic group, F the free 
group on A, and tt : F — > F the canonical epimorphism. 

The map tt induces an epimorphism F[X] — )• F[Ar], also denoted tt, by fixing 
each X G X. For a system of equations S C -F[Ar], we study the corresponding 
system 5''^ C F[X] which we may denote again by S, depending on context. The 
radical of 5"^ over F may be denoted Rr{S'^), Rr{S), or i?(S"^). Likewise, the 
coordinate group Tj^-^^s^j may be denoted simply Tj^^s)- 

Notice that the relators TZ oiT are in the radical Rr{S) for every system of 
equations S, hence 

In denoting a coordinate group ^r(s') ^ r[^]/^('5') we always assume that X 
is precisely the set of variables appearing in S. 
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1.3 Toral relatively hyperbolic groups 

A group G that is hyperbolic relative to a collection {Hi, . . . , Hk} oi subgroups is 
called toral ii Hi, . . . , Hj. are all abelian and G is torsion- free. Many algorithmic 
problems in (toral) relatively hyperbolic groups are decidable, and in particular 
we take note of the following for later use. 

Lemma 1.1. In every toral relatively hyperbolic group G, the following hold. 

(1) The conjugacy problem in G, and hence the word problem, is decidable. 

(2) If G is non-abelian then we may effectively construct two non-commuting 
elements of G. 

(3) If g ^ G is a hyperbolic element (i.e. not conjugate to any element of any 
Hi), then the centralizer C{g) of g is an infinite cyclic group. Further, a 
generator for C{g) can be effectively constructed. 

Proof. The word problem was solved in jFar98| and the conjugacy problem in 
|Bum04| . For the second statement, we need only enumerate pairs {g,h) G GxG 
until we find a pair with [g, h] ^ 1. 

For the third statement, let G = (A) and let g e G be a hyperbolic element. 
Theorem 4.3 of jOsi06aj shows that the subgroup 

E{g) = {heG\3nef^ : h-^g"h = g"} 

has a cyclic subgroup of finite index. Since G is torsion-free, E{g) must be 
infinite cyclic (sec for example the proof of Proposition 12 of |MR96| ). Clearly 
G{g) < E{g), hence C{g) is infinite cyclic. 

To construct a generator for G{g), consider the following results of D. Osin 
(see the proof of Theorem 5.17 and Lemma 5.16 in jOsi06bj ) : 

(i) there exists a constant N, which depends on G and the word length \g\ 
and can be computed, such that if g ~ /" for some f £ G and with n 
positive then n < N; 

(ii) there is a computable function /3 : IN — > IN such that if / is an element of 
G with /" = g for some positive n, then / is conjugate to some element 
fo satisfying |/o| < /3(|5l)- 

We proceed as follows. Let be the set of all f G G such that |/| < /3(|(7|) and 
f^h = g for some h G G and 1 < n < A^. It is finite, non-empty (since g is 
an element), and can be computed (since conjugacy is decidable). Let / be an 
element of J- such that the exponent n is maximum amongst elements of T and 
find an element h G G such that f^h = g (we may find h by enumeration). 

We claim that if 5 is a generator of G{g) then either h~^fh = 5 or h~^fh = 
'g^^. Indeed, h^^fh G C{g) since it commutes with g = {h^^fh)"^, hence 
h~^fh = 'g^ for some k and so 

g = {h-^fhT ^g^'\ 
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Suppose fc > 0. Since g*^" = ([n]) implies that Ij is conjugate to some 
element go with \go\ < f3{\g\)- Then t^g" is conjugate to g, so by Q kn < N 
hence go € T . By maximality of the exponent in the choice of /, k must be 1 
and hr^ jh — 1). If fc < 0, a similar argument shows that h^^ fh = 1]'^ . □ 

2 Effective description of homomorphisms to F 

In this section, we describe an algorithm that takes as input a system of 
equations S over T and produces a tree diagram T that encodes the set 
IIomr(rfl;(5), r). When 5* is a system without coefficients, we interpret S as 
relators for a finitely presented group G = {Z \ S) and the diagram T encodes 
instead the set Hom(G', F). 

Though the diagram T will give a finite description of Homr(rj7(5) , F), it 
is not a 'Makanin-Razborov diagram' in the sense of }Gro05| . We discuss this 
further at the end of this section. 

There are two ingredients in this construction: first, the reduction of the 
system S over F to finitely many systems of equations over free groups, and 
second, the construction of Hom-diagrams (Makanin-Razborov diagrams) for 
systems of equations over free groups. 

Notation 2.1. Let ~ denote the canonical epimorphism F{Z,A) ^r{s)- For 
a homomorphism cj) : F(Z, A) K we define (p : F^(5) — K by 

^(w) = (j)(w), 

where any preimage it; of w may be used. We will always ensure that t/) is a 
well-defined homomorphism. 

2.1 Reduction to systems of equations over free groups 

In [RS95| ■ the problem of deciding whether or not a system of equations S 
over a torsion-free hyperbolic group F has a solution was solved by constructing 
canonical representatives for certain elements of F. This construction reduced 
the problem to deciding the existence of solutions in finitely many systems of 
equations over free groups, which had been previously solved. The reduction 
may also be used to find all solutions to S over F, as described below. 

Lemma 2.2. Let T ^ {A\TV] he a torsion-free S-hyperbolic group and ir : 
F{A) — > F the canonical epimorphism. There is an algorithm that, given a 
system S{Z,A) = 1 of equations over F, produces finitely many systems of 
equations 

5i(Xi,A) = l,...,5„(X„,A) = l (1) 
over F and homomorphisms pi : F{Z, A) — > FjK^g.^ for i ~ 1, . . . ,n such that 

(i) for every F -homomorphism (j) : Fj^^g.-^ — > F, the map Pi4>Tr : F^(5) — >■ F is 
a T -homomorphism, and 
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(ii) for every T -homomorphism ip : ^r{s) ^ T there is an integer i and an 
F -homomorphism (p : -Ffl(5.) — >■ F[A) such that pi(j)TT = ip. 

Further, if S{Z) = 1 is a system without coefficients, the above holds with G = 
{Z\S) in place ofTf^s) 'homomorphism' in place of T -homomorphism'. 

Proof. The result is an easy corollary of Theorem 4.5 of |RS95j . but we will 
provide a few details. 



F{Z,A) 




r 



Figure 1: Commutative diagram for Lemma 12.21 



Wc may assume that the system S{Z, A), in variables zi, . . . ,zi, consists of 
m constant equations and q — m triangular equations, i.e. 

S(Z A)^ I ^<^0-,i)^<t0-,2)2<t(j.3) = 1 i = 1, ■••,<?- "1 
^ ' ^ ]^ Zs = as s = I — m + 1, . . . ,1 

where cr{j,k) G {!,...,/} and G F. An algorithm is described in |RS95) 
which, for every to G IN, assigns to each element g G F a word Om{g) G F 
satisfying 

^m(g) = .9 in F 

called its canonical representative. The representatives 0m{g) arc not 'global 
canonical representatives', but do satisfy useful properties for certain to and 
certain finite subsets of F, as follows. 

Lci0 L ^ q- 25050(i+i)''(2|A|)^''^ Suppose V : F{Z,A) ^ F is a solution of 
S{Z, A) and denote 

Then there exist h\^\c'j^^ G F{A) (for j = l,...,q -m and fc = 1, 2, 3) such 
that 

^The constant of hyperbolicity 5 may be computed from a presentation of F using the 
results of [EHOlj . 
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(i) each c^"''' has length less thar|l L (as a word in F), 

(ii) c(^'4^')4^'^ 1 in r, 

(iii) there exists m < L such that the canonical representatives satisfy the 
following equations in F: 

A3) A3) fuU)""^^ 



Ornia.U,!)) = h['>c['> [h'," (2) 



9mi9.u.2)) = /^^''4'M4''M (3) 



'1 



(5.0.3)) = ^^'c^f^i'^) • (4) 



-1 



In particular, when cr(j, fc) = (t(j', fc') (which corresponds to two occurrences in 
S of the variable z^(^j i^-^) wc have 

/^i^^-^^(^l^i)"=/^^'^-i^''('^a)"- (5) 

Consequently, we construct the systems S{Xi,A) as follows. For every pos- 
itive integer m < L and every choice of 3((7 — m) elements cf\c2\c'p € F 
(j = 1, . . . , g — m) satisfying (i) and (iijl we build a system S{Xi, A) consisting 
of the equations 



(3)13) 



(-i^i)" = 4^4' (6) 

(4^1)"' = (7) 



where an equation of type (jB]) is included whenever a{j,k) = a{j\k') and an 
equation of type (jT]) is included whenever a{j, k) = s <E {I — m + 1, . . . ,1}. To 
define Pi, set 



PiiZs) 



^a^i+i^ , 1 < s < I — m and s = (7(j, fc) 
Om{as), I — m + I < s < I 



where for 1 < s < I — m any k with (t(j, k) = s may be used. 

If ^ : F{Z) — > r is any solution to S{Z, A) = 1, there is a system S{Xi, A) 
such that Qm{gcr(j,k)) Satisfy (O-Q. Then the required solution is given by 



■^The bound of L here, and below, is extremely loose. Somewhat tighter, and more intuitive, 
bounds are given in IRS95I . 

''The word problem in hyperbolic groups is dccidable. 
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Indeed, (iii) implies that (f> is a solution to S{Xi,A) = 1. For s = cr(j, fc) G 

and similarly for s S — m + 1, . . . , /}, hence ^ = pi(t>TT. 

Conversely, for any solution </)(xj'^^) = hj^^ of S{Xi) = 1 one sees that by 

m, 

Zaij.l)Za{j,2)Za{3,3) ' > ^1 ^ C3 ) 

which maps to 1 under tt by (ii), hence pi4>TT induces a homomorphism. □ 

2.2 Encoding solutions with the tree T 

An algorithm is described in §5.6 of jKMOSbj which constructs, for a given 
system of equations S{X, A) over the free group F, a diagram encoding the set 
of solutions of S. The diagram consists of a directed finite rooted tree T with 
the following properties. Let G = Ff^^gy 

(i) Each vertex u of T is labelled by a pair (G^, Qv) where Gy is an .F-quotient 
of G and Qy a finitely generated subgroup of AutF(G^). The root vq is 
labelled by (G, 1) and every leaf is labelled by {F{Y) * F, 1) where Y is 
some finite set (called free variables). Each Gy, except possibly Gyg, is 
fully residually F. 

(ii) Every (directed) edge v — > v' is labelled by a proper surjective F- 
homomorphism Tr{v,v') : Gy Gyi. 

(iii) For every (j) G Homi?(G, F) there is a path p ~ vqVi . . . Wfe where Vk is a 
leaf labelled by {F(Y) * F,l), elements ai G Qy. , and a F-homomorphism 
(/)o : F(Y) *F ^ F such that 

= 7r(uo,wi)o'i7r(z;i, z;2)cr2 ■ ■ ■ Tr{vk-2,Vk-i)<7k-i'^ivk-i,Vk)(f>o- (8) 



The algorithm gives for each Gy a finite presentation {Ay\TZy), and for each Qy 
a finite list of generators in the form of functions Ay {Ay U A~^)*. Note that 
the choices for cf>o are exactly parametrized by the set of functions from Y to F. 

Let S{Z, A) = 1 be a system of equations over F. We will construct a 
diagram T to encode the set of solutions of S{Z,A) — 1, as follows. 

Apply Lemma [2?2] to construct the systems Si{Xi,A), . . . , 5'„(X„, A). Cre- 
ate a root vertex vq labelled by F{Z,A). For each of the systems Si{Xi,A), 
let Ti be the tree constructed above. Build an edge from vq to the root of Ti 
labelled by the homomorphism PiTTSi, where tts^ : F{Xi,A) — > Fj^^g.) is the 
canonical projection. For each leaf v of T,;, labelled by F{Y) * F, build a new 
vertex w labelled by F(y)*F and an edge v ^ w labelled by the homomorphism 
TTy : F{Y) * F F{Y) * F which is induced from tt : F F by acting as the 
identity on F{Y). 
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Define a branch 6 of T to be a path b = vqVi . . .Vk from the root vq to a leaf 
Vk- Let vi be labelled by -Fi?(Si) ^^'^ "fc by * T. We associate to b the set 
$b consisting of all homomorphisms F{Z) — > F of the form 

PiT^Si'^{vi,V2)(J2 ■ ■ •7r(wfc_2,Wfc-l)crfc-i7r(ufc-l,Wfc)7ry(/) (9) 

where cr-j £ and G Homr(-F(F) * r,r). Since Homr(F(r) * r,r) is in 
bijectivc correspondence with the set of functions , all elements of $b can be 
effectively constructed. We have obtained the following theorem. 

Theorem 2.3. There is an algorithm that, given a system S{Z,A) ^ 1 of 
equations over T, produces a diagram encoding its set of solutions. Specifically, 

Hom(rfl(5),r) = {</> \ ip £ $h, b is a branch of T} 

where T is the diagram described above. When the system is coefficient-free, 
then the diagram encodes Hom(G, F) where G ~ {Z \ S). 

Note that in the diagram 7", the groups Gy appearing at vertices arc not 
quotients of coordinate group ^r{s) and that to obtain a homomorphism from 
r_R( s) to r one must compose maps along a complete path ending at a leaf of T. 
In [Gro05| it is shown that for any toral relatively hyperbolic group there exist 
Hom-diagrams with the property that every group G„ is a quotient of ^r{s) and 
that every edge map 7r(t;,t;') is a proper surjective homomorphism. However, 
we are not aware of a algorithm for constructing these diagrams. 

3 Embedding into extensions of centralizers 

The proof given in |KM09| that any F-limit group G embeds into extensions of 
centralizers of F involves two steps: first, G is shown to embed into the coordi- 
nate groups of an NTQ system (see i )3.1|) . and second, such groups arc shown 
to embed into extensions of centralizers of F. The first step of this construction 
relies on the following theorem (Theorem 1.1 of |Gro05j ): there exists a finite 
collection {Li} of proper quotients of G such that any homomorphism from G 
to F factors through one of the Li (up to a certain equivalence). Algorithmic 
construction of the set {Li} is not given, nor are we aware of an algorithm for 
constructing it. 

Instead, we use canonical representatives and results from |KM98b| regarding 
equations over free groups to construct a collection of NTQ groups ^^(Si) arid 
maps from the generating set of G to each Ff^^s-y Regarding each system 
of equations Si over F rather than F, at least one of these maps induces an 
embedding G ^ TjK^g.y The coordinate groups F^(s.-) can be embedded into 
extensions of centralizers of F using the techniques from jKM09j . 

3.1 Quadratic equations and NTQ systems 

An equation s e G[X] over a group G is said to be (strictly) quadratic if ev- 
ery variable appearing in s appears at most (exactly) twice, and a system of 
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equations S{X) C G[X] is (strictly) quadratic if every variable that appears 
in S appears at most (exactly) twice. Here we count both x and as an 
appearance of x. Constructing NTQ systems involves considerable analysis of 
quadratic equations, and is aided by considering certain standard forms. 

Definition 3.1. A standard quadratic equation over a group G is an equation 
of one of the following forms, where Ci and d are all nontrivial elements of G: 

n 

Y[[xz,yz] = 1, 

i=l 

n m 
i=l 1=1 

n 

n m 

JJxj Zj^^CiZid = 1, 

i=l 1=1 

The left-hand sides of the above equations arc called the standard quadratic 
words. 

The following result allows us to assume that quadratic equations always 
appear in standard form. 

Lemma 3.2. Let s(X) G G[X] be a strictly quadratic word over a group G. 
Then there is a G -automorphism (f) such that s*^ is a standard quadratic word 
over G. 

Proof. Follows easily from §1.7 of [LS77]. □ 

To each quadratic equation we associate a punctured surface. To pO|) we 
associate the orientable surface of genus n and zero punctures, to (jlip the ori- 
entable surface of genus n with m + 1 punctures, to (jl2[) the non-orientable 
surface of genus n, and to (|13p the non-orientable surface of genus n with m-\-l 
punctures. For a standard quadratic equation S, denote by x{S) the Euler 
characteristic of the corresponding surface. 

Quadratic words of the form [x,?/], x^, and z~^cz where c € G, are called 
atomic quadratic words or simply atoms. An atom [x,y] contributes —2 to the 
Euler characteristic of S while and z~-^cz (as well as d) each contribute —1. 
A standard quadratic equation 5 = 1 over G has the form 

rir2 . . .rfcd = 1, 

where are atoms and d € G. We classify solutions to quadratic equations 
based on the extent to which the images of the atoms commute, as follows. 

Definition 3.3. Let S* = 1 be a standard quadratic equation written in the 
atomic form rir2 . . . r^d = 1 with fc > 2. A solution (/) : Gjk^s) — > G of 5 = 1 is 
called 



n > 1; 



n, m > 0, n -|- TO > 1; 



n> 1: 



ri, m > 0, n + TO > 1. 



(10) 

(11) 
(12) 

(13) 
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(i) degenerate, if rf = 1 for some i, and non-degenerate otherwise; 

(ii) commutative, if [rf , rf_^_j] ~ 1 for alH ~ 1, . . . , fc — 1, and non- commutative 
otherwise; 

(iii) in general position, if [rf , rf^^] ^ 1 for ah i = 1, . . . , fc — 1,. 

When the group G is commutation transitive, a commutative solution satis- 
fies \rf , r^] = 1 for all i, j. We will only be interested in the case when G is toral 
relatively hyperbolic, hence commutation transitiv^. In this case, solutions also 
have the following important property. 

Lemma 3.4. Let S G G[X] be a standard quadratic equation over a toral rela- 
tively hyperbolic group G such that S has at least two atoms and such that S = 1 
has a solution in G. Then either 

(1) S has a solution in general position, or 

(2) every solution of S is commutative. 

Further, there is an algorithm that distinguishes the cases. 

Proof. The dichotomy is true for all CSA groups, by Proposition 3 of |KM98a| . 
For the algorithm, let S have the atomic form rir2...rkd with variables 
xi, . . . ,Xn. Consider the sentences 

Si :3xi... 3xn (5 = 1) A ([rj,rj+i] 7^ 1) 

for i = 1, . . . , k — 1. Then all solutions of 5' = 1 are commutative if and only if 
none of the sentences Si is true in G. The existential theory of toral relatively 
hyperbolic groups is decidable f jDah09| ). hence we can decide whether or not 
each Si is true in G. □ 

Now we define NTQ systems. Let G be a group generated by A and let 
S{X, A) be a system of equations. Suppose S can be partitioned into subsystems 

Si{Xi,X2,...,X„,A) = 1, 

^2(^2, . ■ ■ , Xn, A) = 1, 

S„{X„,A) = 1 

where {Xi,X2, . . . , Xn} is a partition oi X. Define groups for i = 1, . . . , n+l 
by 

Gn+l = G 

Gi = Gii(^s,,...,s„)- 



*Toral relatively hyperbolic groups are CSA, hence commutation transitive. See |KM09| 
IGro09| . 
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We interpret Si as a subset of Gi_i * F{Xi), i.e. letters from Xi are considered 
variables and letters from Xi^i U . . . U X„ U A are considered as constants from 

A system S{X^ A) = I is called triangular quasi- quadratic (TQ) if it can be 
partitioned as above such that for each i one of the following holds: 

(I) Si is quadratic in variables Xi] 

(II) Si = {[a;, y] = 1, [a;, m] = 1 | x, y € Xi, u G Ui} where Ui is a finite subset 
of Gi+i such that (Ui) — Cd+iig) for some g € G^+i; 

(III) S, = {[x,y] = l\x, yeX,}; 

(IV) Si is empty. 

The system is called non- degenerate triangular quasi- quadratic (NTQ) if for 
every i the system Si{Xi, . . . , Xn, A) has a solution in the coordinate group 

Definition 3.5. A group H is called a G-NTQ group if there is a NTQ system 
iS* over G such that H ~ Gfl( 5) . 

For any quadratic system S over G one can, by eliminating linear variables, 
find a strictly quadratic system S' over G such that every variable occurs in 
exactly one equation and G5 ~ G5'. Consequently, if H is an NTQ group with 
H ~ GjK^s) then we may assume that every system Si of S that has the form 
(P) consists of a single quadratic equation in standard form. 

In order to study NTQ groups by induction on the height n of the NTQ 
system, we will need the following lemma. 

Lemma 3.6. Let S{X, A) and T{Y, A) be systems of equations over a group G 
with Xr\Y ^% and let Gi = G[X]/Rg{S). Then 

Gr{sut) — Gi[y]/i?Gi(r). 

Proof. Let X = {xi, . . . ,x„}, Y = {yi, . . . ,2/™}, u = u{xi, . . . , a;„, yi, . . . , y™) S 
G[X U Y]. We will show that the natural map, which sends u to the element 
represented by u in Gi[Y]/Rgi{T), is an isomorphism. 

To see that the map is well-defined, suppose u G Rg{S U T). It suffices to 
show that u <E Rgi (T). Let (p : Y ^ Gi he any solution of T over Gi and denote 
yj = Wj{xi, . . . , Xn)- We need to show that u"^ = 1 in Gi, i.e. u'^ £ Rg{S). Let 

: X ^ G he any solution of S over G, and denote x f — gi . Consider the map 
a:XUY^G defined by 

Xz gi, 

V'j ^ Wj{gi,...,gn), 

for i = 1, . . . ,n and j ~ I, . . . ,m. The map a is a solution to S* U T. Indeed, if 
s e S then s" = s^ , and 1/' is a solution to 5* so s''' = 1 . If t G T then 

r = t{wi{gi, . . . ,gn), ■ ■ ■ ,w„i{gi, . . . ,gn)) = {f^)"^ . 



12 



Since is a solution to T over Gi, we have that t"^ € Rg{S) and since ip is a 
solution to S over G we have that (t''')''' = 1 in G, proving that a is a solution 
to 5 U T. Since u € Rg{S U T), = 1 hence 

1 = u" = (u'^)'^ 

so it*^ S Rg{S) as required. 

The fact that the natural map is surjcctivc is trivial, so it remains to prove 
injectivity. Let u G G[X U Y] with u ^ i?G('5 U T). We must show that 
u ^ i?Gi(r). Since u ^ Rg{S U T), there exists a solution a : X U F — )• G of 
S UT such that li" 1. The restriction a|y of a to y is a solution to T over 
Gi. Indeed, if t £ T then variables of X do not occur in t, so 

in G, hence = 1 in Gi as well. Since a\x is a solution to S* over G and 

j = u" / 1 

we conclude that u"''*' is non-trivial in Gi hence u is not in Rg^ {T), as required. 

□ 

It follows from the lemma that for every i — 1, . . . , n, 

G, ^G,+i[X,]/i?G,+i(5,)- (14) 

Note that this isomorphism holds for any system of equations that can be par- 
titioned in triangular form, not just for NTQ systems. It is essential to observe 
that when RG^^^iSi) — nclc+i (Si), Gi admits the presentation 

Gi = (Gi+i, Xi I Si). 

In this case, Gi has a graph of groups decomposition of one of the following four 
types, according to the form of 5^: 

(I) as a graph of groups with vertices vi, V2 where G^-^ = Gi-i and G„2 is a 
QH-subgroup; 

(II) as a graph of groups with vertices vi, V2 where G^j = Gi_i, Gi,^ is a free 
abelian group of rank m and the edge groups generate a maximal abelian 
subgroup of Gtjj ('rank m extension of ccntralizer'); 

(III) as a free product with a finite rank free abelian group; 

(IV) as a free product with a finitely generated free group. 

A frequently used method of proving that RGi^i{Si) = nclc-^j (Si) is the fol- 
lowing well-known fact. 
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Lemma 3.7. Let S{X) be a system of equations over a group G. If Gs is 
residually G, then Rq[S) = nclc {S) and hence Gji(s) ~ Gs- 

Proof. It is always the case that nclg (5) C Rg{S), so assume for contradiction 
that there exists w S Rg{S) \ nclc {S). Then w ^ 1 in Gs, so there exists a 
homomorphism </> : Gs ~^ G such that w'^ ^ 1. But is a solution to S and 
w S Rg{S) so w'^ = 1, a contradiction. □ 

For NTQ systems over toral relatively hyperbolic groups, |KM09j has shown 
that the condition Rd^iiSi) = nclc^^^ (Si) holds except in some exceptional 
cases. We recall the relevant definitions from |KM09j . 

Definition 3.8. A standard quadratic equation 5 = 1 over a group G is said 
to be regular if either x(S') < —2 and S has a non-commutative solution over 
G, or 5 = 1 is an equation of the form [x,y]d = 1 or [xi, ?/i][x2, 2/2] = 1- An 
NTQ system is called regular if every quadratic equation appearing in case dH) 
is regular. 

Proposition 3.9 f [KM09| ). Let G be a toral relatively hyperbolic group and 
S ~ Si U . . . U Sn a regular NTQ system over G. Then for all i = 1, . . . ,n, 

Rc+ASi) = iic1g,+i (Si) ■ 

The condition ~ nclc^^^ (Si) allows us to use the graph of groups 

decomposition of Gi to derive properties of NTQ groups inductively. In partic- 
ular, we have the following. 

Lemma 3.10. Let T ~ {A\TZ) be a toral relatively hyperbolic group and G a 
T-NTQ group such that RQ^^^Si) — nclci+i {Si) for all i = 1, . . . ,ri,. Then G 
is toral relatively hyperbolic and fully residually T . 

Proof. The second statement is proved in [KM09j . For the first, we proceed by 
induction on the height of the NTQ system. The base F is toral relatively 
hyperbolic. Now assume that G„_i is toral relatively hyperoblic. We will 
show that Gn is toral relatively hyperbolic by applying Theorem 0.1 of |Dah03j 
('Combination theorem') to the four possible decompositions of Gi described 
above. 

Cases pvp and piip follow from Theorem 0.1 parts (3) and (2), respectively, 
by amalgamating over the trivial subgroup. Note that to use Theorem 0.1 (2) 
we need the fact that if G is hyperbolic relative to the collection of subgroups T-L 
then it is also hyperbolic relative to "HUjl}. Case (jlll follows from Theorem 0.1 
(2) by amalgamating over P = (J7i), which is maximal abelian in Gi-i. 

For case jH, consider first the case when the surface corresponding to the 
quadratic equation has punctures. In this case we form Gi by amalgamating 
Gi-i with a free group over a Z subgroup, followed HNN-extensions over Z 
subgroups. It follows from the results of |Osi06b| that these Z subgroups are 
maximal parabolic subgroups, hence we may apply Theorem 0.1 (3), (3'). □ 
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Remark 3.11. From the Combination Theorem it follows that G has finitely 
many maximal non-cyclic abelian subgroups up to conjugation, and we can 
construct, by induction, the list of them along with a finite generating set for 
each. In the base group F this is possible using the results of |Dah08j . 

NTQ groups over free groups played a central role in the solution to Tarski's 
problems by Kharlampovich-Miasnikov and Sela. In Sela's work, they are called 
Lu-residually free towers jSelOlj . 

3.2 Embedding into extensions of centralizers 

Let G = {Z\S) be a finitely presented group. We consider 5 as a (coefficient- 
free) system of equations over F. Let F be presented by {A\'R). 

For a system of equations over free groups, Kharlampovich and Miasnikov 
proved that every solution factors through one of finitely many NTQ groups, 
which can be effectively constructed. 

Proposition 3.12. \KM98bf There is an algorithm that, given a system of 
equations T(X, A) = 1 over a free group, produces finitely many F-NTQ systems 

Ti(Xi, A) = 1, T2{X2, A) = l,..., r„(X„, A) = 1 

and homomorphisms 

Ai. : F{X) ^ Fr(t^^ 

such that for every homomorphism ip : -Ffl(T) F there is an integer i and a 
homomorphism (j) : Ffj^^i) ~^ F such that 

Given this result, we may assume that the systems Si{Xi, A), . . . , S'„(X„, A) 
constructed in Lemma [2T2l are in fact NTQ systems. For each of these systems 
Si we consider the system over F. 

In the following lemma, we construct homomorphisms from G to the coordi- 
nate groups Fflj-g.), one of which must be an embedding if G is fully residually 
F. 

Lemma 3.13. There is an algorithm that, given a finitely presented group G = 
{Z \ S) , produces 

(i) finitely many F-NTQ systems Si{Xi, A), . . . , Sm{Xm, A), and 
(ii) homomorphisms ai : G — >■ Fjj(5.) 
such that 

(1) if G is fully residually T, then there exists i G {1, . . . , m} such that oci is 
infective, and 

(2) if G is residually F, then for every g E G there exists i £ {1, . . . , m} such 
that g"' ^l. 
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Proof. Refer to Figure [5] for a diagram of the maps constructed in this proof. 
Construct the F-NTQ systems Si{Xi, A), . . . , Sn{Xn, A) and the homomor- 
phisms Pi : F{Z) Fj^^g.-^ from Lemma 12.21 Let 7^ : -Fi?(Si) ^ ^R{Si) be 
the canonical cpimorphism and set = jHli- That is, for any u G G, 

Since pi is given as a word mapping, so is a^. 

To check that is well-defined, let u £ F{Z) with u = 1 (in G). Since 
u e nclj?(2) (5), there exist Sj € S and Wj e ^"(■^) such that u = YVj=i^j' 
hence 

m 

i=i 

Recall from the description of canonical representatives in Lemma 12.21 that Sj 
has the form s, = •21222:3 and hence s'^' has the form 

where C1C2C3 = 1 in F and xi,X2,X3 £ Xi. Hence 

= (C1C2C3)^^ 

Since the relators of F are elements of Rr{Si) we have that s^'^' = 1 in Tj^^g.) 
hence u''*'^' = 1 and is well-defined. 

Suppose now that G is fully residually F. For each i e {1, . . . ,n} set 

= {p.^TT I e Hom(i^fl(s.),F)}. 

From Lemma |2. 21 we know that 

n 

Hom(G,F) - |J$z. 

1=1 
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Since G is fully residually F, there exists i such that $i is a discriminating family 
of homomorphisms. Indeed, if no $1 discriminates G, then for each i there is 
a finite subset Wi C G such that every G $i is not injective on Wi. Then 
Ufc=i is ^ finite subset that is not discriminated by IJ™ ^ 

Let i be such that $i is a discriminating family and let u be any non-trivial 
element of G. Then there exists /9i</)7r S <I>i with u^''^'^ ^ 1. The homomorphism 
(jjTT : -FR(Si) ^ r is a solution to Si over F which docs not send u''' to 1, hence 
m''' is not in Rr{Si). Consequently, 

^ (uP-)T- ^ 1 

SO ai is injective. 

Now suppose that G is residually F and let u ^ G. Since Hom(G, F) = 
U"^j$i, there exists i and pi(/)7r G such that u''''^^ ^ 1. As above, this 
implies If' ^ 1. □ 

Remark 3.14. Though at least one of the homomorphisms ai must be injective 
when G is fully residually F, we are not aware of a method for determining which 
one (there may be several). 

Our objective now is to construct an effective embedding of each coordi- 
nate group Tfjj^g.-^ into a group obtained from F by a series of extensions of 
centralizers. We will need the following lemma in order to argue by induction. 

Lemma 3.15. Let H < G be any torsion-free groups and let S be a system of 
equations over H such that S has one of the NTQ forms |j|)-( f/Vj) . Then the 
canonical homomorphism Hs — > Gs is an embedding. 

Proof. The case when 5 is a standard quadratic equation is Proposition 2 of 
|KM98a| , the case when 5* is an extension of a centralizer follows immediately 
from the theory of normal forms for HNN-extensions, and the cases of a free 
product with a free group or free abelian group are obvious. □ 

Wc now prove the main technical lemma. 

Lemma 3.16. Let T = (A\TZ) a finitely presented torsion-free hyperbolic group. 
There exists an algorithm that, given an NTQ system S{X, A) over the free group 
F, constructs a group H obtained from T by a series of extensions of centralizers 
and an embedding 

P : Tn^s) H. 

Further, both groups ^r{s) o.'^d H are toral relatively hyperbolic and a generating 
set for any maximal abelian subgroup can be effectively constructed. 

Proof. Let S{X, A) be partitioned as an NTQ system as Si, . . . , 5„. Consider 
S* as a system of equations over F, with G„+i = F and 

Gi = Gi+i[Xi]/Roi_f_i{Si). 

Note that Tji^s) = Gi. 
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We proceed by induction on n. For the base case n = there are no equations 
or variables in S so r^(5) = F so we may take H ~ T and /3 the identity. 

Now assume the theorem holds up to n — 1. That is, assume we have con- 
structed a group H' obtained by extensions of centrahzers of F and an embed- 
ding fj' : G2 ^ H' . We argue based of the form (|I))- pV|) of the system of 
equations Si {Xi , A) . In the following we will frequently use without mention 
Lemma 13.71 to obtain a presentation of Gi , and Lemma 13.101 and Remark 13.111 
to show that Gi is toral relatively hyperbolic with a finite collection of max- 
imal abelian subgroups (up to conjugation), generating sets of which can be 
effectively constructed. 

Form pV|) : Free product with a free group. Suppose Si has the form 
pV)) . that is. Si is empty. We wih show that the group (G2, Xi | — ) ~ G2*F{Xi) 
embeds in a group obtained from G2 by extensions of centrahzers . It will suffice 
to consider the case of two variables, Xi = {x,y}. Let u,v G G2 such that 
C{u) n C{v) — 1, and consider the series of extensions of centrahzers 

G'2 = (G2,t|[G(u),t]), 
G'2' ^ {G'2,s\[C{v),s]), 
G2 = {Glr\[C{ust),r]). 

One checks that Cg^(u) = Gczi''^): that t and s generate a rank two free sub- 
group in G2", that Cc'^iust) n G2 = 1, and that Cc'^{ust) n {t,s) = 1. Define 
(I) : G2*F{x,y) ^ G^" by x"^ = f, y"^ = s'', and g't' = g for .g e G2. A non-trivial 
element w € G2 * F{x, y) has reduced form 

w = giWi{x,y)g2W2{x,y) . . . g,nWm{x,y)gm+i 

and is sent under (f) to 

w"^ = gir~'^wi{t,s)rg2r~'^W2{t,s)r . . .g„ir~'^Wjnit,s)rgm+i. 

This word has no reduction of the form rgir^^ — > gi, since Gc'^iust) n G2 = 1, 
and no reduction of the form r~^'Wi{t, s)r — > Wiit, s), since Gaiiiust) D {t, s) ~ 1 
and {t, s) is free of rank two. Hence w'^ is reduced and therefore non-trivial by 
Britton's Lemma, so (ji is injectivc. 

We conclude that (G2, ^1 | — ) is residually G2, hence Gi = Gi* F{x,y) and 
Gi is toral relatively hyperbolic. By Lemma 13.151 Gi embeds canonically in 
H' * F{x,y). Repeating the construction above with H' in place of G2 we may 
construct an embedding of H' * F{x, y) into a group H obtained by extensions 
of centrahzers from H' . 

Form (jllip : Free product with a free abelian group. Suppose 5*1 has 
the form First, suppose that \Xi\ = 2, and so {G2,Xi | 5i) ~ G2 * 

Lemma 16 of jKM98a| shows that G2 * embeds in every non-trivial extension 
extension of a centralizer of G2. Consequently, G2 * 1? is residually G2 so 
Gi ~ G2 * 1? and is toral relatively hyperbolic. 
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From Lemma [31121 Gi embeds canonically in H' *'E^. Apply Lemma 16 of 
|KM98a| again to embed H' * 1? in an extension of centralizers H oi H' . It fol- 
lows immediately from the proof that the embedding is effective, provided we can 
produce two non-commuting elements of iJ', which we may do by Lemma ll.ll 

If > 2, we partition into two subsystems 

SiM = {[xi,Xj]^l,[x^,u]^l, \i,j e {3,...,m},ueUi^a} 
Sl.b = {[xi,X2] = 1} 

where Xi = {xi, . . . ,Xn} and Ui^a = {xi,X2}- The system Si^b has the form 
(jIII[) with two variables, which we have dealt with above, and Si,a is an extension 
of the centralizer Cqi ^i-'^i) ~ {^1t^2) in Gi f, ~ G2 * {xi,X2), which we deal 
with in form pi)) below. 

Form ([III): Extension of a centralizer. Suppose Si has the form pi)) . 
If Ui generates the trivial subgroup in G2, which we may check since the word 
problem in G2 is dccidable, then we have the form pil[) and we may argue as 
above. 

Otherwise, let U' be the centralizer of Ui in G2. In general, (Ui) is a proper 
subgroup of U' . We must construct a generating set ui,...,Um for U' . By 
induction, G2 has, up to conjugation, finitely many parabolic (i.e. abelian of 
rank at least two) subgroups Pi, . . . ,Pi and we have constructed a generating 
set for each one. The centralizer U' is a maximal abelian subgroup of G2, hence 
is either conjugate to one of the Pi or is cyclic. 

It follows from |Bum041 and the fact that conjugacy in the abelian groups 
Pi is dccidable (see also Theorem 5.6 of |Osi06bp . that for any clement g G G2 
and parabolic subgroup Pi we can decide whether or not g is conjugate to an 
element of Pi, and if so find a conjugating clement. Applying this to any non- 
trivial element g oi Ui, we either identify U' as a conjugate of one of the Pi 
and construct a generating set by conjugating the generating set of Pi, or we 
determine that U' is in fact cyclic and wc find a generator using Lemma ll.ll 

Now consider the system of equations 

S'l = {[x,Ui],[x,y] \x,y eXi, i G {l,...,m}} 

over G2. Since G2 is commutation-transitive, we know that if (/) : Xi — >■ G2 
is any solution to the system S'l then [a;'^,Mi] = 1 for all x ^ Xi and i = 
1, . . . , 771. Consequently, [x, Ui] £ (Si) for all x € Xi and i = 1, . . . , m so 
S'l C Rg2{Si)- The group {G2,X \ S'l) is an extension of a centralizer of G2. It 
follows from §5 of IBMR021 and Proposition 1.1 of |KM09j that any extension 
of a centralizer of a toral relatively hyperbolic group K is (fully) residually K, 
so {G2,X \ S'l) is residually G2. Then by Lemma 13.71 

Ra^iSi) ^ RgAS'i) = riclaAS'i) 

hence Gi = (G2, Xi \ S'l) and is toral relatively hyperbolic. 

We need to show that Gi embeds in an extension of centralizer of H' . By 
induction, we may construct a finite generating set vi, . . . ,vi for the maximal 
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abelian subgroup of H' that contains U' . Consider the system of equations 

T = {[x,v,], [x,y\ \x,y eXi, i G {!,...,?}} 

and the group H = {H', Xi | T), which is an extension of centrahzer of H' . 

Define the map (i : Gi ^ H hy x^ = x for x ^ Xi and = for g e G2- 
One easily checks that /3 is a (well-defined) homomorphism. To show that /? 
is injective, let w € Gi he non-trivial. Since Gi is residually G2, there is a 
function (p : Xi ^ G2 which is a solution to S[ and such that w'^ is a non-trivial 
element of G2. We claim that </)/3' : Xi ^ H' is a solution to T. For x,y € Xi 
we have 

[x^^\y^0'] = [xtyr' -i'' = 1- 
For X £ X and any Ui we have that 

[x'^^\uf] = [xtu,f ^l'' 

so by commutation-transitivity [x'^^ ,Vj] = 1 for all j. Hence 0/3' is a solution 
as required, and induces a homomorphism 0/3' : Gi — ?> iJ'. The image of 
under this homomorphism is 

and is non-trivial since w'^ ^ 1 and /3' is injective. Consequently, ^ \ \n H 
as required. 

Form dl]): Quadratic equation. Suppose that Si is a quadratic equation. 
Then Si has one of the standard forms (fT0)) -([T3 | . The words Ci and d in the 
standard form are non-trivial in -F/?(s,u...us„)i but may be trivial in G2. We can 
check which are trivial by solving the word problem in G2. Form an equation 
Si,a by 

(i) erasing from 5*1 each atom c^' such that Ci = 1 in G2, and 

(ii) if d = 1 in G2 , by erasing d and replacing the rightmost atom of the form 
cf by a. 

Let Z be the set of variables of Xi not appearing in Si^a (i-e. the Zi from the 
erased atoms, as well as the rightmost Zi if d = 1). Partition X into X\Z and 
Z. The system of equations Si {Xi , A) is equivalent over G2 to the union of 
the systems 5*1;, = in variables Z and Si^a in variables Xi \ Z , so we replace 
SiiXi^A) with these two systems and apply case pvp to Si^h- 

The equation 5i.q is a quadratic equation in standard form over G2. To 
simplify notation, we rename Si^a to Si and Xi\Z to Xi. We study cases 
based on the Euler characteristic x{Si) of the surface associated with 5*1. 

Case x(Si) < —2. Assume that x(Si) < —2. First, check using Lemma 
whether or not Si has a solution in general position over G2. If so, then 5*1 
is regular. Whenever 6*1 is regular and G2 is toral relatively hyperbolic. The- 
orem 4.1 of |KM09j proves that the group [Gi^Xi \ Si) embeds into a group 
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H obtained from G2 by a series of extensions of centralizers. Consequently, 
this group is residually G2 hence Gi = {G2,Xi \ Si) and Gi is toral relatively 
hyperbolic. Embed Gi canonically into {H',Xi \Si), using Lemma [3. 151 

The equation Si is regular over H' , and H' is toral relatively hyperbolic, so 
again applying Theorem 4.1 of |KM09| we obtain that {H' , Xi \ Si) embeds into 
a group obtained from H' by a series of extensions of centralizers. It suffices to 
show that this embedding is effective. The reader may verify that in order to 
obtain an effective embedding from the proof given in |KM09| , one must be able 
to solve the following three problems: (a) solve the word problem in H', (b) 
decide whether or not an quadratic equation over H' has a non-commutative 
solution, and (c) find such a solution. We can solve (a) by Lemma 11.11 since 
H' is toral relatively hyperbolic, (b) by Lemma [3^ and (c) by enumerating all 
possible solutions until we find a non-commutative one. 

Now suppose that 5*1 does not have a solution in general position over G2. 
By Lemma [3.41 all solutions are commutative. We consider cases based on the 
from of Si . 

Orientable forms. Suppose Si contains a commutator. If Si = 
[xi, yi][x2, 2/2], then Si is regular by definition and we may proceed as above. 
Otherwise, by Proposition 4.3 of |KM09) . 6*1 has a solution in general position 
in a group K obtained from G2 * F, where F is a finite-rank free group, by a 
series of centralizer extensions. Since K is discriminated by G2 (see form (IV)), 
it follows that Si has a solution in general position in G2 , which contradicts the 
fact that all solutions are commutative. 

Genus zero forms. Suppose that Si has the form 

4\..4-d. 

Although x(*S'i) < —2 implies that A; > 3, we will assume only k > 2. Since G2 
has the CSA property, we may apply Corollary 3 of |KM98aj to obtain that 

RgASi) = ncl ({ [a-^z,, G], [a-' z,, aj' Zj] \i,j = l...k}) 

where G = Gca (ci ^ , • • ■ , cf^ ) and Zj — > aj is a solution to 6*1 . A solution 
must exist since 6*1 has a solution over -F/?(S2U...us„): s-nd G2 is a quotient of 
■fi?(S2U...uS„)- We may find such a solution by enumerating all possible solutions. 

Since G2 is CSA, the group G is precisely the maximal abelian subgroup 
which is the centralizer of c^^ . By assumption, we may compute a generating 
set {ui, . . . , Um} for G. Then 

Gi ~ (G2,ii, . .■,tk \ [ti,ui], [t„tj], 1 < i,j <k, l<l <m) 

via the isomorphism ti — ^ a~^Zi. Since this is an extension of a centralizer, we 
complete the argument by reasoning as in Case 

N on- orientable forms. Suppose that Si corresponds to a non-orientable sur- 
face. Suppose 5*1 has the form 

2 2 

Xi' ■ ■ Xp 

where, by assumption, p > 4. Then any two non-commuting elements 5, h G G2 
yield the non-commutative solution xi — > g, X2 , x:i h, X4 , and 
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Xi ^ 1 for i > 4. This contradicts the assumption that all solutions of 5*1 are 
commutative. 

Suppose Si has the form 

x-^ ' ■ • Xpd 

with d ^ I and p > 3. For any commutative solution Xi — >■ Si and any g ^ 
Cg2(si), the function xi g, X2 ^ g~^, ^3 — >■ Si • • • Sp, and 1 for i > 3 is 
a non-commutative solution, which is a contradiction. 
Suppose 5*1 has the form 

Xi . . . XpCi ■ • • Cj!'d. 

with p > 2. Though x(5i) < —2 implies fc 7^ 0, the following argument applies 
for all fc > 0. Construct any (commutative) solution From 
transitivity of commutation, it follows that 

= [q- , Si . . . Sp] = 1 

for alH, J = 1 , . . . , fc. Let U = (c"^ , . . . , c^''" , si . . . Sp) and construct a gen- 
erating set {ui, . . . ,Um} for U. From the proof of Proposition 8 of |KM98a| . 
which needs only the fact that G2 is commutation-transitive and torsion-free, 
we see that Gi is isomorphic to the group 

{G2,ti, . . .,tp+k-i I [uut-j], [ti.tj], 1 < i, j <p + fc-l, l<l < m) * (xp) 

via the isomorphism ti a^^z^ for i = 1, . . . , fc and ti Xi for i = fc + 1, . . . , k + 
p — 1. This group is an extension of a centralizer followed by free product with 
Z, so we proceed as in Case (|IT]) and Case (|IV|) . 
Finally, suppose Si has the form 

a:2cr...4^d. 

It is shown in the proof of Proposition 8 of |KM98a| that there exists s G G2 
such that every solution of S'l sends x'l to s. Consequently, s~^xi is in the 
radical of Si over G2 , hence 

Gi ~ G2[zi, . . . ,Zfc]/i?G2(cr • --Ckd) 

and we may argue as in the genus zero case above. Note that we may find s by 
finding any solution. 

Case x(Si) > ~2. Assume that x{Si) > —2. We consider cases based on 
the form of 5*1. 

Orientable forms. There are two possible forms, [2:,?/]c? and [x,?/]. The form 
[x,?/]c? is a regular quadratic equation (by definition), and the argument for 
regular equations given at the beginning of the case xi^i) < —2 applies. For 
the form [x,y], we apply Case (jllip . 

Non- orientable forms. The possible forms are a;^, x^d, x^y^, x^y^d, and 
x^y^z^ . For the form x^, .t — > 1 is the unique solution since G2 is torsion-free. 
Hence x € Ro^iSi) and Gi ~ G2, so there is nothing further to prove. 
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For the form x^d, find a solution x a. Note that d = a~^. Suppose, for 
contradiction, that there exists a second solution x — > fe. Then since [a, a~^] = 1, 
[6, ~ 1, and a^^ = we conclude [a, 6] = 1 by transitivity of commuta- 
tion. Then 

{ab'^f ^a%-^ ^d-^d^ 1 

which implies a = b since G2 is torsion-free. Consequently, x a is the unique 
solution and xa~^ is in the radical of x^d over G2- Then (G2, a; | xa~^,x'^d) ~ G2 
hence i?G2({3;^rf}) = nclca (a;a~^) and Gi ~ G2. 

For the form x^j/^, the analysis is similar. First, we may check for the 
existence of a non-trivial solution using the fact that the existential theory of 
toral relatively hyperbolic groups is decidable ( jSelOQj . jDahOQj ). If all solutions 
are trivial, then Gi ~ G2. Otherwise, let a; — > a, j/ — >■ 6 be a non-trivial 
solution. Since [a, a^] = 1 and [b, 6^^] = 1 we obtain [a, 6] = 1 by transitivity 
of commutation. As above, (ab)^ = 1 implies ab = 1 hence xy is in the radical 
of x^y"^. The group (G2, a;, j/ 1 xy, x^y^) ~ G2 * (x) is fully residually G2 hence 
-RcsCa^^y^) = nclca {xy) so 

Gi — G2 * Z 

and we may argue as in Case ()IV[) . 

For the form x^y^d, first we determine whether or not all solutions are 
commutative, using Lemma 13.41 If all solutions are commutative, the proof 
given for the case xi^i) < —2 and 5*1 = x^ . . . x^c^^ . . .c^'°d with p > 2 applies, 
since there we allowed fc = 0. Otherwise, find any (non-commutative) solution 
X a, y ^ b. Consider the series of extensions of centralizers 

G', = {G2,t\[C{ab),t]), 
G'i = {G'2.s\[C{atat),s]), 
G'2" = {G'i,T\[C{s''atst-'b),r]), 

and the map -0 '■ (G2, x, y \ x^y'^d) — !> G2" given by 

X (at)'V 
y -> r-^r^b. 

Since (x^y^d)''' = 1, hence defines a homomorphism. Using normal forms for 
elements of HNN-extensions, we can show that -0 is injective (see for example 
the proofs in §5 of |KM98a| ). Consequently, (G2, x, y\Si) is residually G2 hence 
Gi = (G2, X, y I ^i). By Lemma [3. 151 Gi embeds canonically into (iJ', x, y | S'l). 
We then apply the construction above to {H' , x,y\ Si) to embed this group into 
a group H obtained from H' , hence from F, by extensions of centralizers. 

For the form x'^c^d, first we determine whether or not all solutions are com- 
mutative, using Lemma 13.41 Suppose all solutions are commutative. Find any 
(commutative) solution .x ^> a, z — > 6. Let .x — ai, z — >■ 61 be any other so- 
lution. We have that d = [a^c^]-^ = {alc^^y^ and [c^d] = [c^^.d] = 1 since 
both solutions are commutative. By transitivity of commutation, [c^,c^^] = 1, 
and from the CSA property it follows that [bib~^, c] — 1. This equation may be 
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rewritten as = c^^ , and consequently a\ = . If a = 1, then ai = 1 since G2 
is torsion- free. If a 7^ 1, then by transitivity of commutation [ai,a] = 1 hence 
(aia)^ = 1 so oi = a. In either case, xa~^ G RcziSi)- Since 

(G2, X, z I xa~^, x^d^d) ~ (G2, z | d^da^) 

we may apply the argument for the case 5*1 = c^d, given below. 

If not all solutions are commutative, find any (non-commutative) solution 
a; — > a, 2 — > 5. As was done in |KM98a] . consider the sequence of extensions of 
ccntralizcrs 

G'^ = (G2,i|[G(d),i]), 
G'^ = (G'2,s|[G(c''),s]), 
G- ^ (G^',r|[G(c^*),r]), 

and the map ij] : (G2, x, y \ x'^c^d) — > G2" given by 

a; -J> a* 
y — > 6sir. 

As in the previous case, {x^c^'d)^' = 1 and we may prove using normal forms 
that V' is injective and complete the argument as above. 

For the form cc^y^z^, first we determine whether or not all solutions are 
commutative, using Lemma 13.41 Suppose all solutions are commutative. It 
follows from commutation-transitivity of G2 that [x, y], [x, z], [y, z] S Rcii^i)-: 
and then from the fact that G2 is torsion- free that xyz G Rg2{Si)- Let S[ be 
the system of equations {x^y^z^, [x,y], [x,z], [y, z],xyz}. Then 

{G2,x,y,z\S[)^G2*Z\ 

It follows from Case (|III|) that this group is fully residually G2 and hence 

nc\G,iS[) ^ RgAS'i) ^ RgASi)- 

Then Gi = G2 * and we may argue as in Case piip . 

Now find any solution x — ?> a, y — > z — > c of Si in general position. 
Consider the series of six extensions of centralizers 



G« 


= (G2,.S 


[ 


s,G(a6)]), 


G^^ 




r 


[r,G(s-ifec)]), 


Gi'^ 


= {Gf\ 


V 


[v,G{abrs~^hc)]), 


G^^ 


- {Gi'\ 


t\ 


[t, G{vasvas)]) , 


G(^) 


- {Gi'\ 


u 


[u,G{s-^hrs-Hr)]), 


G^^ 


= (Gf , 


w 


1 [wTG{r^^cv^^r^^cv 



24 



and the map ip : (G2, x, y, z \ x^y'^z'^) — ^ G2 given by 

X — {vasY 
y (s-^br)" 
z {r-^cv'^r. 

As in the previous case, (x^y^z^)''' = 1 and we may prove, with a lengthy 
argument using normal forms, that is injective and complete the argument as 
before. 

Genus zero forms. The possible forms are c^d and cl^C2^d. The form c^^C2^d 
was covered under genus zero forms for x(S'i) < —2, since the proof there needed 
only fc > 2. 

For the form c^d, find a solution z — > a and a generating set . . . , u,„} 
for Cg2(c). We claim that [za~^, Ui] is in the radical of c^d, for all i. Indeed, if 
z — >■ & is any solution to c^d = 1 over G2 then 

[ba^^ , c] ~ ab^^c^^ba^^c ~ ada^^c — c^^c — 1 

and by transitivity of commutation we have [6a~^, Ui] = 1, hence [za^^, Ui] is in 
the radical. Then 

(G2, z I [za~^,Ui], i = 1, . . . , m) ~ {G2,t \ [t,Ui], i = I, . . . ,m) 

is an extension of the centralizer of c, hence is residually G2. Consequently, Gi 
is isomorphic to the extension of centralizer 

Gi ~ {G2,t I i = l,...,m) 

and we may argue as in Case (|TT|. 

All possible forms of 5*1 have been covered, so the proof is complete. □ 

We may now prove the main result of the paper. 

Theorem 3.17. Let T be any torsion-free hyperbolic group. There is an algo- 
rithm that, given a finitely presented group G, constructs 

(i) finitely many groups Hi, . . . , iJ„, each given as a series of extensions of 
centralizers of T , and 

(ii) homomorphisms (pi : G Hi, 
such that 

(1) if G is fully residually T , then at least one of the <pi is injective, and 

(2) if G is residually T , the map 0i x . . . x 0„ : G — > Hi x . . . x _ff„ is injective. 
This also holds for G in the category of T -groups. 
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Proof. For each system of equations Si constructed in Lemma 13.131 let /J,; : 
r_R(Si) Hi be as constructed in Lemma [3.161 and set (j)i = aiPi. The result 
then follows from Lemma [3. 131 and the fact the each j3i is injective. □ 

As a corollary, we obtain a polynomial-time solution to the word problem in 
any finitely presented rcsidually F group. 

Corollary 3.18. Let T be a torsion-free hyperbolic group and G = | 5*) any 

finitely presented group that is known to be residually F. There is an algorithm 
that, given a word w over the alphabet , decides whether or not w = 1 in G 
in time polynomial in \w\. 

Proof. Wc compute in advance the embedding <j> : G ^ Hi x . . . x Hn, i.e. we 
compute z'^ for each z £ Z. Given the input word w, we need only compute 
w'^ and solve the word problem in Hi x ... x Hn. There is a fixed constant 
L such that |7r/f. (u;'^)| < L\w\, where is projection onto Hi, so we have a 
polynomial reduction to n word problems in the groups Hi , . . . , Hn . It then 
suffices to show that each Hi has a polynomial time word problem. 

Let Hi be formed by a sequence of m extensions of centralizers and proceed 
by induction. If m = 0, then Hi = T so the word problem in Hi is decidable in 
polynomial time. Now assume that 

H, = {Hit\[t,Ciu)]) (15) 

where u G H^ and H^ is formed from F by a sequence of m — 1 extensions of 
centralizers and has a polynomial time word problem. Let w be a word in Hi. 
It suffices to produce a reduced form for w as an element of the HNN-extension 
(|15[) : if any t^^ appears in the reduced form then w ^ 1, and if no t^^ appears 
then w € H'^ and we check whether or not w = 1 using the word problem 
algorithm for H'^. 

We produce a reduced form for w by examining all subwords of the form 
tvt~^ and t^^vt where no t^^ appears in v, and making reductions 

tvt^'^ V, t^^vt V 

whenever v £ Ch'(u). The element v is in Gh'Xu) if and only if [v,u\ = 1 in 
H^, which is an instance of the word problem in H^ and so may be checked in 
polynomial time. It is clear that we need only examine a polynomial number of 
subwords tvt^^ and t^^vt before reaching a reduced form. □ 

The result below follows from the proof of Lemma 13.161 

Proposition 3.19. Let F = | 7^} be a torsion-free hyperbolic group. There 
exists an algorithm that, given a system of equations U{X,A) = 1 over T, con- 
structs a finite number ofT-NTQ systems Si{X,A) = 1 over F that correspond 
to the fundamental sequences of solutions ofU{X,A) ~ 1 that satisfy the second 
restriction on fundamental sequences as in Section 7.9 in \KMO(^ . Namely, 

a) edge groups in the decompositions on each level are not mapped along this 
sequence into trivial elements. 
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b) images of QH subgroups on each level are non-cyclic, 

c) images of rigid subgroups are non-cyclic. 

Each homomorphism ^r{u) ^ T factors through one of these fundamen- 
tal sequences. (Such fundamental sequences correspond to strict resolutions in 
Sela's terminology llSel09f .) 

Corollary 3.20. The universal theory of a torsion-free hyperbolic group is de- 
cidable. 

Proof. To show that the universal theory of T is dccidable we have to show that 
there is an algorithm to decide whether the conjunction of a system of equations 
U (X, A) — 1 and a system of inequalities V{X, A) 1 has a solution in F. The 
conjunction has a solution if and only if there exists an index i such that the 
images of all elements from V{X, A) are non-trivial in T^j-^.^j^ ^^j. This we can 
check because the word problem in ^j^^-g f^x A)) solvable. □ 
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